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The q u e s t i o n  of  the  n a t u r a l  m o t i o n  d e n s i t y  in d y n a m i c s  p r o b l e m s  of e l a s t i c  s h e l l s  i s  c o n -  
s i d e r e d .  Mot ions  a r e  s t ud i ed  fo r  which  an  exponen t i a l  g rowth  in a m p l i t u d e  with  t i m e  o c c u r s .  
The  n u m b e r  of  n a t u r a l  m o t i o n s  i nc iden t  in a g iven  r a n g e  of v a r i a t i o n  of the  exponen t  i s  c o m -  
pu ted  by us ing  an  idea  of R. Couran t .  The  g o v e r n i n g  n a t u r a l  m o t i o n s  and  c o n d e n s a t i o n  po in t s  
a t  which  the n a t u r a l  mo t ion  d e n s i t y  t e n d s  to in f in i ty  a r e  found. The  c o n d e n s a t i o n  po in t s  and  
g o v e r n i n g  m o t i o n s  a r e  c o m p a r e d  in s p e c i f i c  e x a m p l e s .  

A n a t u r a l  mode  d i f f e r en t  f r o m  the f i r s t  [1] p o s s e s s e s  the  g r e a t e s t  r a t e  of g rowth  of  d e f l e c t i o n s  fo r  a 
s h e l l  s u b j e c t e d  to  an  i n t e n s i v e  d y n a m i c  l oad  e x c e e d i n g  the ~ u l e r  load .  The  s h e l l  d e f l e c t i o n s  t end  to in f in i ty  
wi th  the  l a p s e  of  t i m e  [1, 2]. F i n i t e  d e f o r m a t i o n s  a r e  d e v e l o p e d  wi th in  a f in i te  t i m e  i n t e r v a l  in r e a l  s t r u c -  
t u r e s .  When  the i n i t i a l  s y s t e m  with an in f in i t e  n u m b e r  of d e g r e e s  of f r e e d o m  in a f in i te  s e g m e n t  a p p r o a c h e s  
a s y s t e m  with  a f in i te  n u m b e r  of d e g r e e s  of  f r e e d o m ,  i t  i s  n e c e s s a r y  to  t ake  a c c oun t  of  the  n a t u r a l  mo t ion  
d e n s i t y  [3]. 

L e t  us  c o n s i d e r  a r e c t a n g u l a r  she l l  0 <-<- x <- a ,  0 - y - b, h i n g e - s u p p o r t e d  a l o n g t h e  s i d e s ,  u n d e r  
z e r o  i n i t i a l  c o n d i t i o n s .  In the  d i m e n s i o n l e s s  v a r i a b l e s  

Xl=X.'a, b,l=y,'a, 0 <~ x 1 ~ 1, 0 ~< Yi ~< b,'a, a = R  x 

the  mo t ion  of a t h i n - w a l l e d  e l a s t i c  s h e l l  with c o n s t a n t  r a d i i  of c u r v a t u r e  i s  d e s c r i b e d  by  an  equa t ion  [4] of  
the  fo l lowing  type ,  w h e r e  the s u b s c r i p t s  on the  x and y have  been  o m i t t e d :  

e~-AAAA@ --  A k A ~  + ~.AA (v~:~ - -  qbjy) -4- R~pE-I:IAO~t = f (z, Y), (1) 

e"- = h~/12 (l - -  v") R~, ~. = hN=/RIN~,  

A~. = (7.0~'/Ox ~" "+ 02,'0y2), )'. = R1/R 2, 

v = Yj.V~., N~  = Eh~R~ -t. 

H e r e  ~2 i s  a s m a l l  p a r a m e t e r ,  X i s  the  o v e r l o a d  c o e f f i c i e n t ,  x,  y a r e  C a r t e s i a n  c o o r d i n a t e s ,  r  
i s  the  r e s o l v i n g  funct ion ,  f ( x ,  y) i s  a func t ion  d e t e r m i n e d  by  s m a l l  p e r t u r b a t i o n s ,  h i s  the  t h i c k n e s s ,  R 1, R 2 
a r e  the  she l l  r a d i i  of c u r v a t u r e ,  N l ,  N2 a r e  n o r m a l  f o r c e s  in the  m i d d l e  s u r f a c e  a l o n g  the  x,  y a x e s ,  r e -  
s p e c t i v e l y ,  N* i s  the  c r i t i c a l  E u l e r  10ad, v, E a r e  the  P o i s s o n  r a t i o  and Y o u n g ' s  m o d u l u s ,  p is  the  m a t e r i a l  
d e n s i t y  p e r  uni t  she l l  surface, and t i s  the  t i m e .  

The  e x a c t  so lu t i on  of  the  p r o b l e m  for  a h i n g e - s u p p o r t e d  she l l  c an  be r e p r e s e n t e d  a s  

- :  q,n,, (t) sin kmx sin k,,y, k m =  mrs, kn = n.~a/b. (2) 
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The equa t ion  ob ta ined  for  a h i n g e - s u p p o r t e d  s h e l l  i s  an a s y m p t o t i c  so lu t ion  of  the p r o b l e m  unde r  a r -  
b i t r a r y  b o u n d a r y  cond i t i ons  [4]. 

Subs t i t u t i ng  (2) into (1), we ob ta in  an equa t ion  fo r  qmn  (t) a f t e r  a p p r o p r i a t e  m a n i p u l a t i o n s :  

q~,, (t) - ~ . . q , . .  (t) = ] , . . ;  (3) 

(4) 

The  so lu t ion  of  (3) depends  on the  v a l u e s  which the  c o e f f i c i e n t  ~2mn t a k e s  on. F o r  ~2mn < 0 Eq.  (3) d e s c r i b e s  
a v i b r a t i o n a l  p r o c e s s ;  for  q ~ n  = 0 the  p r o c e s s  i s  l i n e a r  g rowth  of the  a m p l i t u d e  qmn wi th  t i m e .  Only  the  
c a s e  a ~ n >  0, w i l l  l a t e r  be  c o n s i d e r e d ,  i . e . ,  m o t i o n s  for  which  an  e x p o n e n t i a l  i n c r e a s e  in the  a m p l i t u d e  
qmn (t) o c c u r s .  

I n t r o d u c i n g  the  new v a r i a b l e s  r ,  0 in the k m,  k n p l ane ,  

k ~ + k ~ = r  ~, k~m=r ~cos 20, k~----r ~s in '0 ,  

f r o m  (4) we ob ta in  

e~r 4 - -  ~a "~ (v cos ~ 0 -t- s in~ 0)-}- (~ cos~O --}- sin"- 0)'- + a ~ .  = O. (5) 

L e t  us  u s e  the  me thod  of C o u r a n t  [5] in which  the n u m b e r  of e i g e n n u m b e r s  N (~) l e s s  than  a g iven  
n u m b e r  ~* is  d e t e r m i n e d  a p p r o x i m a t e l y  a s  the  a r e a  of a doma in  on the m,  n p l ane  wi th in  which  the  e i g e n -  
n u m b e r  ~ i s  l e s s  than the  g iven  ~ . .  The  u s e  o f , th i s  me thod  for  d i f f e r e n t  k i n d s  of  p r o b l e m s  can  be  found 
in the  s u r v e y  p a p e r  [6]. If the  kin ,  k n p lane  i s  t aken ,  then  the  n u m b e r  N (C~2mn) i s  de f ined  a s  the  r a t i o  b e -  
tween  the  a r e a  of the  d o m a i n  in the  kin,  k n wi th in  which  the exponen t  O~mn is  l e s s  than  a g iven  a m n .  and  
the  a r e a  of  one c e l l  A k m A k n  . We t h e r e f o r e  ob ta in  

0 2  .,,,.(a:.i -1  - o  
: " = R 1 R 2 2  ~ " l ' r  2(O) dO, N (6) 

w h e r e  0 l ,  02 a r e  the  s l o p e s  of  the  r a d i u s  v e c t o r  t angen t  to the  doma in .  In the  a s y m p t o t i c  c a s e  (~ --" 0), the  
d o m a i n  under  c o n s i d e r a t i o n  wi l l  be  bounded  by the c o o r d i n a t e  a x e s  k m,  k n and the c u r v e  r (0), whi le  the  a n -  
g l e s  01, 02 t ake  on the v a l u e s  01 = 0, 0~ = 7r/2. 

The  p r e s e n c e  o r  a b s e n c e  of c o n t r a c t i o n  po in t s  for  the  funct ion  N ( a ~ n )  is  e s t a b l i s h e d  by i n v e s t i g a t i n g  
the  d e r i v a t i v e  dN (~2mn)/dO~mn. Subs t i t u t ing  r 2 f r o m  (5) into (6) and  d i f f e r e n t i a t i n g  with  r e s p e c t  to ~ n ,  fo r  
the  n a t u r a l  mo t ion  d e n s i t y  we ob ta in  

2 ' d :  !%. , )  �9 R1R2 i ~ d~. 
4~'-8 [(l _5 z)~ - ~  (:l - ~)'-'/-~211 ~ .] [(c~ - ~) (~ + c:)(l  - ~) ~1 l;z ; 

(7) 

~1.2= 0 - z), - -  x, (t - -  v),/48"- - - ~ i - : ~ - - ~ i ~ 7 - 5  ~ - - x " - ( l - v ) ~ / / ~ 2 - ( i - z ) ~  (8) 

~t=C1, ~=,=--C._,, ~=sin"-O. 

An e l l i p t i c  i n t e g r a l  of the  f i r s t  k ind  I, 

I ~-. ,  [(C, --  ~) (~ -+- C:) (i --  ~) ~11 2 , 
h 

e n t e r s  into (7). Le t  us  f ind the  v a l u e s  of ~ which a r e  the  p o l e s  of  the  i n t e g r a l  I and  d e t e r m i n e  the  c o n d e n s a -  
t ion  po in t s .  
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L e t  0 <- X <- v if  X > v, then  the x and  y a x e s  m u s t  be i n t e r c h a n g e d .  Then  
we sha l l  have  the  c o n s i d e r e d  c a s e .  F o r  such X, v the  fo l lowing  l o c a t i o n  of the  
r o o t s  Ct,  C2 i s  p o s s i b l e :  a) C t >  1 ; C  2> 0 ; b )  I > C t ; C  2> 0 ; c )  C s >  1 ; 0 >  C2; 

d) 1>  C 1 ; 0 >  C 2. 

L e t  us  e x a m i n e  the f i r s t  c a s e  C1 > 1, C 2 > 0. By s u b s t i t u t i n g  s i n ~  = 
(C2 + 1) ~/(~ + C~), we r e d u c e  the  i n t e g r a l  I to the  L e g e n d r e  f o r m  

~{/2 

0 

dq~ 
[CI (Ca + S) --  (Ci + C~) sin ~ ~] i/'2 " 

I t s  p o l e s  wi l l  be the  po in t s  C s = 0, C 2 = - 1 ,  

In the  s e c o n d  c a s e  1 > Cs, C2 > 0 the  s u b s t i t u t i o n  sin2~0 = (C s + C2)~/C 1 • 
(~ + C 2) r e d u c e s  the  i n t e g r a l  to the  L e g e n d r e  f o r m  

1 2  ~-- 

~ /2  
S dcp . 

[(C1 -- Co.) - -  Ct (1 + C2) sin ~ q0} ti2 
0 

w h e r e  the  p o l e s  a r e  the po in t s  C 1 = 1, C 2 = 0. The  two r e m a i n i n g  c a s e s  C s > 1, 0 > C 2 and  1 > Cs, 0 > C 2 
r e d u c e ,  r e s p e c t i v e l y ,  to the  i n t e g r a l s  I s and  12 by  us ing  the  s u b s t i t u t i o n s  

s i n 2 ~ :  (~+ C2)/0+C2)~, sin2cp: Ct(~-F'C+.)/(CI-~C2)~. 

The  four  p o l e s  of  the  i n t e g r a l  I have  been  found: Cs = 0 o r  C 2 = - i ;  C 1 = 1 o r  C 2 = 0. T a k i n g  ( 8 ) i n t o  
accoun t ,  ~ = 0, ~ = 1. Subs t i t u t i ng  t h e s e  v a l u e s  of  ~ in the  e x p o n e n t i a l  ~2mn, we ob ta in  two c o n d e n s a t i o n  
po in t s :  a2rn n = a s fo r  ~ = 0 and  ~2mn = ~2 fo r  ~ = 1. If both  r o o t s  C s, C 2 f a l l  in to  any of the  four  d o m a i n s  
c o n s i d e r e d  above ,  then  we have  one c o n d e n s a t i o n p o i n t :  ~ = 0 o r  ~ = 1. C u r v e s  2 and 3 in F ig .  1 c o r r e -  
spond  to t h i s  c a s e .  But i t  can  t u r n  out tha t  both  r o o t s  f a l l  on the  b o u n d a r y  of  the  a d j a c e n t  d o m a i n s ,  for  e x -  
a m p l e ,  C 2 = 0, C 1 = 1. Then  two c o n d e n s a t i o n  po in t s  e x i s t :  ~ = 0, ~ = I ( cu rve  1 in F ig .  1). If one of the  
r o o t s  f a i l s  wi th in  the  d o m a i n  and  the  o t h e r  on the  b o u n d a r y ,  then  two c o n d e n s a t i o n  po in t s  a l s o  e x i s t  (F ig .  1, 
c u r v e  1) which  can  even  c o i n c i d e  (F ig .  1, c u r v e s  2 and  3). 

N u m e r i c a l  e x p e r i m e n t s  [7] showed  tha t  the  d e n s i t y  func t ion  of  the  n a t u r a l  m o t i o n s  is  a su f f i c i en t l y  
c o m p l e x  func t ion  for  d y n a m i c  s h e l l  l oad ing .  The  s i n g u l a r i t i e s  of  t h i s  func t ion  have  been  i n v e s t i g a t e d  a n a l -  
y t i c a l l y  above .  

F o l l o w i n g  [1], a m o n g  the  m o t i o n s  ~mn2 l e t  us  e x t r a c t  the  g o v e r n i n g  m o t i o n s  ~2mn , for  which  the  c o e f -  
f i c i e n t  in the  e x p o n e n t i a l  a c h i e v e s  i t s  g r e a t e s t  va lue .  To f ind ~2mn * we have  the  s y s t e m  

f r o m  which  

Oath~Or--= O, Oa2n/O~ = O, 

o~ 2,,,+.+ = 2 - *  ;~ Iv + ~. ( t  - -  v)] r ~ - -  Ix + ~ (1 - -  X)P;  

~ =  [ X + V l - - X ) ] ( i - Z ) / [ v + ~ ( l - - v ) l ( l - - v ) ;  

r 9 9 - 1  --~ ~ _  - = -  e ")~[U ~(_--V) ]. 

(9) 

The  e x p r e s s i o n s  (9) y i e l d  the  g o v e r n i n g  m o t i o n s .  F o r  } = 0, ~ = 1 the  d e n s i t y  of  the  g o v e r n i n g  m o t i o n s  
t e n d s  to in f in i ty  in which  c a s e  a s e t  of  m o t i o n s  c o r r e s p o n d s  to the  e x p o n e n t i a l  wi th  m a x i m u m  exponen t .  

Le t  us  i n v e s t i g a t e  the  in f luence  of  c o n d e n s a t i o n  po in t s  on the  n a t u r e  of  the  m o t i o n  du r ing  buck l ing .  
The  l o c a t i o n  of the  c o n d e n s a t i o n  po in t s  (F ig .  1) i s  d e t e r m i n e d  by  the s h e l l  g e o m e t r y  and  the  k ind  of load ing .  
Hence ,  the  s u b s e q u e n t  a n a l y s i s  is  b a s e d  on an a n a l y s i s  of p r o b l e m s  of b u c k l i n g  of a s h e l l  wi th  a g iven  
g e o m e t r y  and  a g iven  k ind  of load ing .  

In the  c a s e  of l oad ing  a c y l i n d r i c a l  s h e l l  X = 0 by a c o n s t a n t  i n t e nse  l oad  in the  a x i a l  d i r e c t i o n  v = 0, 
for  } = 0, } = I we have  the two c o n d e n s a t i o n  po in t s  a s and  a2 f r o m  (5), w h e r e  a2 > 0 > a 1. T h e r e f o r e ,  
a s < 0 m u s t  be  d i s c a r d e d ,  s i n c e  only  m o t i o n s  wi th  exponen t  OL2mn > 0 a r e  s tud ied .  C u r v e  3 in F ig .  1 c o r r e -  
sponds  to th i s  p r o b l e m .  Subs t i t u t i ng  X = v = 0 and ~ = 1 into (9), we ob ta in  
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Thus, the governing motions drop into the condensation point, i.e., there  is an infinite set  of motions with 
a lmost  coincident exponents in a smaU neighborhood of the governing motions for s - -  0. 

We have an analogous resu l t  in the problem of loading a sphere by hydrostat ic  p re s su re  at X = v = 1 
(curve 3 in Fig. 1 cor responds  to this problem): the governing motions drop into the condensation point. 

Curve 1 in Fig. 1 cor responds  to the case of loading a cylinder by the t r ansve r se  p ressu re  X = 0, 
v >  1. F rom (9) we have 

The governing motions also drop into the condensation point. The existence of condensation points for the 
first two problems has been shown in [3]. A natural motion density function has been constructed in this 
work in the general case of dynamic loading of an arbitrary shell. It turns out that this function has two 
condensation points. Governing motions have been found and the influence of the natural motion density on 
them has been studied. The possibility of replacing a system with an infinite number of degrees of freedom 
by a system with one degree of freedom for which the exponent in the exponential is maximal is indicated 
in [I]. If the buckling process is studied in a finite interval, such a replacement is not always possible. In 
the case of the governing motions dropping into the condensation point it is necessary to take account of the 
natural motion density [3]. 

A natural motion density function having two condensation points has been constructed earlier. Re- 
sults of computations confirming the existence of condensation domains in problems of cylindrical shell 
loading by an axial force and a transverse pressure are presented in Fig. 2. The calculations were carried 
out by means of (5) for given values of theparameters R/h, L/R, and the overloads h. From the values of 
~mn obtained only the positive ~2mn > 0 were selected and the maximal ~mn* was determined. The curves 
in Figs. 2 and 3 were constructed as follows: the interval of ~2rn n between 0 and ~2rnn, was separated into 
10 equal parts, the number of motions ~nn falling into such intervals was computed, and plotted on the 
figure. A step function was hence obtained. 

The problem of loading a cylinder by an axial force (see Fig. 2) was computed for the following val- 
ues of the parameters: curve 1 is for h/R = 1/50, L/R = 2, ~2mn , = 4.888, X = 0.0605; curve 2 is for 
Ib/R = 1/100, L/R = 2, a~nn, = 4.894, ~ = 0.0302. In the case of a cylinder under transverse pressure 
(Fig. 3), the following values of the parameters were selected: h/R = 1/400, L/R = 2, C~2rnn, = 0.188, ~ = 
0.0029. 

The solution (2) in the form of a sine series is not complete for a closed shell; the solution in a cosine 
series must still be taken into account and then the number of motions dropping into the given interval will 
be doubled. 

It is seen from Fig. 2 that the natural motion density grows with the diminution in the thinness of the 
wall. A system with an infinite number of degrees of freedom (2) is approximated well by a system with a 
large number of degrees of freedom: in practical computations it is necessary to retain a large number of 
terms of the series (2), which is determined by the shell being thin-walled and by the type of loading. 

The problem of cylindrical shell loading by transverse pressure theoretically yields coincidence of 
the governing motions with the condensation point, but the motion density is negligible (Fig. 3) for a given 
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wall thinness on the o rder  of h /R -> 1/400 in the over loading range  under invest igation.  In this  case ,  the 
infinite s e r i e s  (2) can be approx imated  by a finite s e r i e s  with seve ra l  t e r m s  or even with one t e rm .  
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